this paper we consider the case of an elastic body that occupies a two-dimensional domain slightly curved and we establish a Carleman estimate. A Carleman estimate yields observability inequalities by an argument in Cheng, Isakov, Yamamoto and Zhou [4] , Kazemi and Klibanov [14] . From a geometrical point of view, this is of great interest because a general shell can be approximated through a juxtaposition of shallow shells. From a theoretical point of view, the approach retained here which is based on Carleman estimates, is powerful, while by the multipliers technique, we were not able to obtain the controllability of a Koiter shell by a boundary action without a "shallowness" restriction (Miara and Valente [23] ). In the static case, let us now briefly recall the equilibrium equations of a shallow shell with middle surface S, thickness 2ε and curvature εθ (this expression of the curvature has been rigorously justified in Ciarlet and Miara [5] ). More precisely, let Ω ⊂ R . Then the middle surface of the shell is therefore given by the set S = {(x 1 , x 2 , εθ(x 1 , x 2 )); (x 1 , x 2 ) ∈ Ω} and the shell with thickness 2ε occupies the domain {(x 1 , x 2 , εθ(x 1 , x 2 )) + x 3 a(x 1 , x 2 ); (x 1 , x 2 ) ∈ Ω, −ε ≤ x 3 ≤ ε}, where a(x 1 , x 2 ) is the unit outward normal vector to the middle surface S at the point (x 1 , x 2 ). Hence, if we denote by Θ ε the mapping Θ ε (x 1 , x 2 , x 3 ) = x 1 , x 2 , εθ(x 1 , x 2 ) + x 3 a(x 1 , x 2 ), (x 1 , x 2 ) ∈ Ω, −ε ≤ x 3 ≤ ε, then the reference configuration of the shell is Θ ε Ω×(−ε, ε) . Subjected to applied volume forces F = (F 1 , F 2 , F 3 ) ∈ {L 2 (Ω)} 3 (for simplicity, no surface forces are taken into account in this presentation), a shell which is clamped on its lateral surface, undergoes a scaled Kirchhoff-Love displacement field of the form u 1 − 3 . For the precise meaning of the scaling, see Ciarlet and Miara [5] . In this section, Latin exponents and indices take their values in the set {1, 2, 3}, Greek indices take their values in the set {1, 2}, the Einstein convention for repeated exponents and indices is used. These notations are used especially for the compatibility with the notations in Ciarlet and Miara [5] , Miara and Valente [23] . [24] . Throughout this paper, bold face letters represent vectors.
scribes the displacement of the middle surface of the shell and solves a boundary value problem for shallow shell equations:
For a Saint Venant-Kirchhoff isotropic material with Lamé coefficients λ and µ, the constitutive law reads:
The outline of the contents of the paper is as follows: In the next section we rewrite the shallow shell equations in a more appropriate form to deal with the evolution problem, in section 3 we establish a Carleman estimate for the evolution problem and finally in section 4 we solve the inverse problem. §2. The evolution problem of the shallow shell equation.
Let Ω ⊂ R 2 be a bounded domain with smooth boundary ∂Ω, x = (x 1 , x 2 ),
, and let θ: Ω → R be given and sufficiently smooth,
Then, considering the force of inertia in (1.1) and (1.2), we can describe an evolution problem for shallow shell equation:
and
and (∇ u)
T is the transpose matrix of ∇ u.
Henceforth we set
In this section, we establish a Carleman estimate for the shallow shell equation.
We assume that ρ = ρ(x), λ = λ(x) and µ = µ(x) are in C
2
(Ω) and positive in Ω. We set t 0 = T /2,
γ and ν are positive constants,
\Ω. We set
First we present Lemma 1. We assume that ρ, µ and λ are in C
(Ω) and positive on Ω and that
Let ν > 0 be arbitrarily fixed in (3.1 
hand side of what is finite. The constants s 0 and C continuously depend on T ,
We note that if λ and µ are positive constants, then condition (3.2) is automatically satisfied.
Proof of Lemma 1. Except for the term
, by Yuan and
Yamamoto [28] , all the terms on the left hand side is proved to be estimated by the right hand side. We have to estimate
and so
Similarly we have
.
Lemma 1 yields
Here the a priori estimate for the Dirichlet problem for implies
Since
in terms of Lemma 1. Hence by (3.3) and Lemma 1, we have
Hence the a priori estimate for the Dirichlet problem for ∆ yields
that is,
In terms of (3.4), we obtain
Thus the proof of Lemma 1 is completed.
Next we present a Carleman estimate for the two-dimensional isotropic Lamé system. We set u = (u 1 , u 2 ) and
We introduce conditions on a function a:
where the constants M 0 > 0, 0 < θ 0 < 1, θ 1 > 0 are given. We fix a positive constant ν such that
Here we note that such ν > 0 exists because 
The proof of the lemma is found in Imanuvilov and Yamamoto [10] , [11] , [12] for example.
Now we proceed to the derivation of the Carleman estimate for the shallow shell
Hence Lemma 2 yields
On the other hand, since
Therefore by Lemma 2 and (3.8), we have
Applying Lemma 2 and (3.9), we obtain 
Here we absorbed
into the left hand side. Substitute (3.11) into the right hand side of (3.10), we obtain
Absorbing the first term on the right hand side into the left hand side, we reach
Again the application of (3.12) in (3.11) yields
Thus we proved 
Theorem 1 (Carleman estimate). We assume that
for all s ≥ s 0 , u ∈ {H and Yamamoto [9] , Imanuvilov and Yamamoto [10] , [11] , [12] , Isakov [13] . §4. Inverse source problem.
We consider F 2 ) , and u = (u 1 , u 2 ) and u 3 depends on (x, t) ∈ Q.
Inverse source problem. We assume that
Let an observation subdomain ω ⊂ Ω satisfy ∂Ω ⊂ ∂ω and T > 0 be suitably
The condition ∂ω ⊃ ∂Ω means that ω ⊂ Ω is a neighbourhood of ∂Ω. We can relax the condition ∂ω ⊃ ∂Ω, but we cannot choose an arbitrary subdomain ω, because the equation in u is hyperbolic, so that we need some geometric condition on ω (e.g., [10] ). This condition is related with the pseudo-convexity which is necessary for proving a Carleman estimate (e.g., Hörmander [8] ).
We are ready to state the main result for the inverse source problem. 6) and there exist constants M 1 , r 0 > 0 such that
Moreover, we assume that u ∈ {W
.1) -(4.5) and
This kind of inverse problems was considered firstly in Bukhgeim and Klibanov [2] , whose method is based on Carleman estimates. See also Bellassoued and Yamamoto [1] , Klibanov [15] and the references therein. Here we do not give more detailed references on inverse problems by Carleman estimates.
Proof. The proof is adapted from e.g., [10] . By (4.6) and the definition (3.1) of ϕ,
we can choose a sufficiently small δ = δ(η) > 0, such that
In order to apply Theorem 1, we introduce two cut-off functions χ 1 and χ 2 satisfying 12) and χ 2 (x) = 1 for x ∈ Ω\ω.
We set w = ( w,
(Q). Then, by (4.1) and (4.2), we have
. Then, by definition of χ 1 and χ 2 , (4.13) and (4.14), we have v ∈ {H
(4.17)
Here we have used
Furthermore, by (4.16), we have
Applying Theorem 1, we obtain
for all large s > 0. Here and henceforth, C k denote generic positive constants which
are independent of s. By the definition of χ 1 and χ 2 , we have 
for all s > 0, where Φ = sup (x,t)∈Q ω ϕ(x, t) ≥ 1 and 
dxdt + e
for all large s > 0.
On the other hand, by integral by parts, we have
for all s > 0. Here we have used (4.15) and w(·, 0) = 0 by (4.12). Furthermore we
for all s > 0. Therefore, we have
for all s > 0. Moreover, by (4.1), (4.2), (4.3) and (4.12), we have
Therefore, noting (4.5) and (4.7), we have
Therefore, by (4.7), we have
for all s > 0. By (4.23), (4.24) and (4.25), we obtain
for all sufficiently large s > 0.
We will estimate the first term of the right hand side of (4.26) as follows. By (3.1), we have In order to prove (4.9), we can assume that Θ < 1, so that −(log Θ)(2η+2Φ) > 0.
We take s = − log Θ 2η + 2Φ . Therefore, by (4.29), we have
Then it follows that
Noting (4.22), we obatin (4.9). The proof of Theorem 2 is completed. §5. Extensions.
Relying on this approach of Carleman estimates which have been proved successful, we are now considering the case of more general geometries to solve the inverse problems for elastic bodies whose equilibrium equations are of Koiter shells type (Li, Miara and Yamamoto [21] ) and relax the condition of the shallowness introduced in [23] .
